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Abstract. We show that for any prime p and for any Ili-factor N there exist two 
Zp2 -actions on the free product factor that have the same outer invariant but 
are not outer conjugate. Therefore, the outer invariant is not a complete invariant 
for outer conjugacy. 



1. Introduction 



Two automorphisms a and /3 on a von Neumann algebra M are said to be outer 
conjugate if there exists an automorphism a G Aut(M) and a unitary W & M such 
that aPa~^ = AdW oa, where Ad W acts on M as Ad W{x) = WxW*. 

In an exceptional paper |(]o8j A. Connes classified periodic automorphisms on the 
hyperfinite Hi factor R up to outer conjugacy. He showed that the pair {pq, A), where 
Pq is the outer period of the automorphism a G Aut(i?), i.e., the smallest non- negative 
integer such that a" is an inner automorphism, and A is the obstruction to lifting 
(as defined in Section 2), is a complete outer conjugacy invariant for automorphisms. 
The pair [po, A) is usually referred to as the outer invariant of the automorphism a. 

The question addressed in this paper is whether similar results hold for other type 
of III factors, in particular for free product factors. In fact, we show that the situation 
for free product factors is completely different. Given any prime p and a IIi factor 
N, we show that there exist two actions of the cyclic group Zp2 on which have 
the same outer period and obstruction to lifting, but are not outer conjugate. This 
work is a generalization of the work of Florin Radulescu (see jRa2j ) for Z2-kernels on 
an interpolated free group factor. 

The two Zp2-actions we consider are realized starting with two very different J/i 
factors A and Ai with , each of which is obtained from a Hi subfactor construction. 
The first factor A is an amalgamated free product and is generated by an extremal 
commuting square of finite dimensional algebras. We prove in Theorem 14.81 the 
existence of a pair Ai C Bi of IIi factors such that A is the enveloping algebra of this 
pair. Here, Bi is the crossed product of Ai by a Zp2-action 6i with outer invariant 

{p,e p ), and Ai is a free product factor. 



The second factor is the crossed product Ai = yyi*iQ) * ^ \ Fi_ijj ® Rj x-y Zp, 

which is an example of a Hi factor non-antiisomorphic to itself. Ai is the enveloping 
algebra of a pair A2 C B2 with properties similar to those of the pair Ai C Bi 
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considered above. Here Q is chosen so that Qt = N ® Mp(C) for t = y In 
particular B2 is the crossed product of A2 by a Zp2-action 62 with outer invariant 
(p,e^), and Ai ^ A2. 

In addition, letting g be a projection of trace t = \J^^-, "we get qAiq = *\N . 
Therefore, perturbing ^j, i=l,2, by an inner automorphism 0j, i = 1,2, so that 0j o6i 
i=l,2, leave g invariant, we obtain two Zp2-actions 6i = (f)io6i\qAiq on the free product 

27ri 

factor *^ that have also outer invariant {p,e p ) . 

Our subfactor constructions thus give two Zp2-actions on *^A^ with the same outer 
invariant. To show that these two actions are not outer conjugate we compute the 
Connes x invariant of the two factors Ai and A. This technique was already used 
by Radulescu in |Ra2j to show that the Z4-actions he constructed were not outer 
conjugate. The Connes invariant, introduced by Connes in |(yolj . is a certain abelian 
subgroup of the group of outer automorphisms of a Hi factor, as recalled in Section 
2. Although for both factors the Connes invariant is algebraically isomorphic to Zp2, 
it is still able to distinguish the factors if we view the invariant as a subgroup of 
the group of outer automorphisms. In particular, we are interested in the position 
of the unique subgroup of order p of — xi-^) — ^p^. We thus consider the 

crossed product of each of the factors M. and A by the Zp-action corresponding to 
this unique subgroup of the x invariant. As shown in Section 5 the associated dual 
actions can be decomposed, modulo inner automorphisms, into an approximately 
inner automorphism and a centrally trivial automorphism. Using this decomposition 
we prove that the two dual Zp-actions are not outer conjugate, by showing that the 
two factors A4 and A are not not isomorphic (Theorem 6.5). It follows that the two 
Zp2-actions on *^A^ are not outer conjugate. 

2. Definitions 

Let M be a J/i factor with separable predual, endowed with a faithful trace r. Then 
M inherits an L^-norm from the inclusion M C L'^{M) given by ||a;||2 = t{x*x)2, for 
all X e M. Denote by Aut(M) the group of automorphisms of M endowed with the 
pointwise weak-topology for which a sequence of automorphisms an converges to a 
if and only if — a(x)||2 for all x G M. 

When studying the automorphisms of a factor there are two normal subgroups 
of Aut(M) which are of particular interest, the group of inner automorphisms and 
the group of centrally trivial automorphisms. These are also the groups involved in 
the definition of the Connes invariant x{M), as we will briefly describe. The inner 
automorphisms are the automorphisms of the form AdAf (m) for some unitary u in M. 
If there is no ambiguity in determining the factor M on which the inner automorphism 
acts, we will simply use the notation Ad u. Let Int(M) be the normal subgroup of 
Aut(M) formed by all inner automorphisms, and denote by Int(M) its closure in the 
pointwise weak-topology. 

Definition 2.1. A bounded sequence {xn)neN in M is called central if 
lim \\xny — yXn\\2 = 0, for all y G M. 

n^oo 
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Also, a central sequence {xn)nm in M is trivial if there exists a sequence of complex 
numbers (A„)„gN such that lim \\xn — A„l||2 = 0. 

71— >00 

Next we define the centrally trivial automorphisms of M, which form the other 
group involved in the definition of the Connes invariant. 

Definition 2.2. An automorphism a G Aut(M) is said to be centrally trivial if 

lim — Xn||2 = for any central sequence i'^ M. 

n— >oo 

Let Ct(M) be the group of centrally trivial automorphisms and Out(M) = j ^^]\^'^ 
be the group of outer automorphisms of M, with 

e : Aut(M) — > Out(M) 

the quotient map. We can now define the Connes invariant x{M), which was intro- 
duced by Connes in jC'olj . 

Definition 2.3. Let M be a Hi factor with separable predual. The Connes invariant 
x(M) is the abelian group 



Ct(M)nlnt(M) ^ 

^■<^'') = i.;t(M) °"'<^''- 

In a similar fashion, given an inclusion C M of Hi factors with separable pred- 
ual, one can define the relative Connes invariant in the following way. Let Aut(M, A^) 
be the group of automorphisms of M leaving A^ invariant and let Int(M, A^) be the 
subgroup of Aut(M, A^) formed by all inner automorphisms of M implemented by 
unitaries in A^. Denote by Ct(M, A^) the set of automorphisms of M leaving A^ 
invariant and acting asymptotically trivially on the central sequences for M which 
are contained in A^. The relative Connes invariant for the inclusion N <0 M was 
introduced by Y. Kawahigashi in jKawj as a generalization of the Connes x invariant 
and is defined as 



^ Ct(M, Ar)nlnt(M,Ar) 
' ^ Int(M, AT) 

The most useful tool for studying the Connes invariant or its relative version is 
the central sequence algebra. Let u he a free ultrafilter over N and denote by r 
the trace on the Hi factor M. As usual we assume that M has separable predual. 
Let M) be the algebra of bounded sequences in M. Define J^j as the ideal 

in i°°{N,M) formed by all sequences {xn)nm such that lim ||a:n||2 = (see |EKj for 

71— 

i'^CN, M) 

more details on ultrafilters) . Set = ^ . Then M can be embedded into 

as the set of constant sequences. 
Let Cuj denote the subalgebra of M) consisting of sequences with the property 

that lim — yXn\\2 = for all y G M. We will refer to these sequences as uj- 

n— 

central. 



4 



KENNETH DYKEMAt AND MARIA GRAZIA VIOLA 



Definition 2.4. For a free ultrafilter u overN, the tu-central sequence algebra of M 

is 



Jul n 

Set r'^([(a;„)„]) = lim r(x„), where [(x„)„] denotes the coset {xn)n + "^ui in and 

{xn)n ^ i°°{N,M). Then defines a faithful trace on M^, which induces a faithful 
trace on M^. Moreover, = M'^ n M'. 

Observe that every automorphism a G Aut(M) induces an automorphism a"^ on 

by 

for all [{xn)] G ikf^. By restricting this automorphism to classes of cu-central se- 
quences we obtain an automorphism of for every a G Aut(M). The following 
remark, due to Connes |Co2j . gives a characterization of the centrally trivial auto- 
morphisms. 

Remark 2.5. Let N ^ M an inclusion of Hi factors with separable predual. An 
automorphism a G Aut(M, A^) belongs to Ct(M, A^) if and only if 

(^Lu\N'^r\M' = Id\M^r)M' 

The Connes classification of the periodic automorphisms on the hyperfinite J/i 
factor, up to outer conjugacy, is based on the outer invariant of an automorphism a 
of M, which is defined as follows. 

Definition 2.6. Given a Hi factor M, the outer period of a & Aut(M) is the 
smallest non-negative integer such that a^o = AdM{U), for some unitary U G M. 
If no power of a is an inner automorphism then we set po = 0. Note that if U is 
a unitary that realizes a^" as an inner automorphism, then it is easy to check that 
a{U) = XU, for some A G C with A^" = 1 (apply a^'^^^ = oP^a = aa^° to x in M 
and use the fact that M is a factor). We call A the obstruction to lifting of a and the 
pair [po, A) the outer invariant of a. We sometimes refer to a periodic automorphism 
of M with outer period p as a Zp-kernel. 

The terminology obstruction to lifting is motivated by the fact that A = 1 if and 
only if the homomorphism (p : Zp^ — > Out(M) with 0(1) = a can be lifted to an 
homomorphism $ : Zp(, — > Aut(M), so that the diagram 



.Aut(M) 

y e 

,Oiit(/Vf) 



commutes. 
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3. Commuting Squares 

In this section we review some basic elements about commuting squares as they 
appear in |Polj . |Po3j (see also pHJj). Given a set S* C B{H) denote by Span(S) 
the linear span of S, and by Span(5') its closure in the weak operator topology. 

Definition 3.1 (Popa). A diagram 

B C A 
U U 
Dec 

of finite von Neumann algebras with a finite faithful normal trace t on A is a com- 
muting square if the diagram 

B ^ A 

u u 

D ^ C 

commutes, where i denotes the inclusion map, and Eo, Eb are the conditional ex- 
pectations onto D and B respectively. 

The theory of von Neumann algebras and subfactors provides numerous examples 
of commuting squares. In fact, if C M C Mi C M2 C ■ • • is the Jones tower for 
the inclusion N C M, then for alH > 1 the relative commutants 

M' n M,+i c M[ n Mi+i 

u u 
M'nMi c M[n Mi 

form a commuting square. 

We are interested in commuting squares that have some additional properties, 
which appear naturally when studying commuting squares coming from a finite depth 
inclusion of subfactors. 

Definition 3.2. Let 

B C A 

u u 

Dec 

be a commuting square of finite von Neumann algebras which are weakly separable. 
Denote by r the normalized, faithful trace defined on A. We say that the commuting 
square is extremal if it satisfies the following conditions: 

(i): The inclusion C <Z A has a X-Markov trace jGHJj . (which means that there 
exists a trace r on the basic construction 



{A,f) = SpaniAfA) 

for this inclusion that extends the trace r on A, and has the property that 
T{fa) = Ar(a) for all a G A) such that the basic construction for D C B, 
with respect to the trace t\b, coincides with {B, f) 
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(ii) : C generates A as a left (or right) B-module, i.e., 

A = Span{BCf" = Span{CBf" 

(iii) : The centers of the pair of algebras A, B and C, D, respectively, have trivial 
intersection 

Z{A) n Z{B) = CI and Z{C) f] Z{D) = CI. 

This is equivalent to saying that the inclusions B <Z A and D d C have 
connected Bratteli diagrams. 

Note that if A is a finite dimensional algebra the condition (ii) is unnecessary 
because equivalent to (i). There is a standard way, the basic construction, to produce 
a new extremal commuting square from a given one. 

Remark 3.3. Given an extremal commuting square of finite dimensional algebras 

B C A 
U U 
Dec 

construct the diagram 

{BJ) c (A/) 
u u 

B C A 

This is also an extremal commuting square. 

As mentioned before, finite depth inclusions of factors provide many examples of 
extremal commuting squares. In fact, it is a result of A. Ocneanu |0c2j that if 
C M is an arbitrary inclusion of //i hyperfinite factors of finite depth then there 
exists an extremal commuting square of finite dimensional algebras which by iteration 
of the basic construction produces the inclusion A^ C M. 

4. The construction of the two Zp2 -actions 

Fix a prime p and let A^ be a IIi factor. In this section we construct two Zp2 -actions 
on *^A^ which have the same outer invariant. We will prove later (Section 6) that 
these actions are not outer conjugate. 

Denote by R the hyperfinite J/i factor. The first one of our actions is obtained from 
an inclusion Ai C Bi of J/i factors which by iteration of the basic construction pro- 
duces the III factor (Q®i?)*ij (i?xio-Zp2), where Q is a J/i factor and a is a Zp2-action 
on R. In Theorem 4.4 we show that Bi is the crossed product of Ai by a Zp2-action 

with outer invariant (p, e p ). We will denote the action we define on *^A^ by di. Anal- 
ogously, the second action is obtained from an inclusion A2 C B2, which by iteration 

of the basic construction produces the IIi factor (^(^{*iQ) * ^F^^i j j ® Rq^ Zp 

and has similar properties than the inclusion Ai G Bi. 

To construct the two Zp2-actions and to prove that they are not outer conjugate 
it is useful to have an explicit model for the hyperfinite J/i factor R and for the 
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inclusion R G R xi^ Zp2. Such model was introduced by Radulescu in |Ra2j for the 
case p = 2. Since the proof for the general case is based on the same argument given 
by Radulescu in his work, we refer to Lemma 5 in |R,a2j for a proof of the following 
statement. 

Lemma 4.1. The hyperfinite Ili-factor is generated by unitaries {Uk)kez o,nd a uni- 
tary g, where each Uk has spectrum consisting of the p^-th roots of unity, on which 
the trace of spectral measure is equidistrihuted, and where g has spectrum consisting 
of the p-th roots of unity with equidistrihuted trace of spectral measure, where the 
following relations hold: 

(i) iUkY'' = 1 for all keZ, 

(ii) UkgUl = e-fgjfk = 0, -1, while U^gUl = g, if k e Z\{0, -1}, 

(iii) UkUk+iUl = e^Uk+i, for keZ, 

(iv) U,U, = U,U, if \i-j\>2, 

and where the trace of every nontrivial word in the Uk and g (in the obvious sense, 
subject to the above relations) is zero. 
Moreover, 

= {gUl f/i, t/2, . . .}" C {g^ Uo, Ui, U2, . . .}" = R^. 

defines an inclusion of type Hi factors of index p^ for which the relative commutant 
RLi n Rq is equal to {g}" ■ 

If we set 9 = Adii_-^{Uo) , then 6 is a 'Lp2-action of and Rq is equal to the 

2-Ki 

crossed product Zp2. Moreover, the outer invariant of 6 is {p,e p ). 

Also, the tower of factors in the iterated basic construction for the inclusion R_i C 
Rq is given by the family 

Rk = {g, U^k, U-k+i, U-k+2, ■ ■ ■}" for k>l, 

while the Jones downward tunnel for C Rq is given by 

R-k = {gUlUl ■ ■ ■ Ul__^, Uk, Uk+u Uk+2, ■ ■ ■]" for A; > 1, 

Moreover, the k-th term in the sequence of relative commutants is 

Rk n R'_, = {g, U^k, U.k+u . . . , U.i}", for k > 1. 

Since Rq = {g, Uq, Ui, U2, ■ ■ ■}" is obviously generated by an increasing family of fi- 
nite dimensional subalgebras, it provides a model for the hyperfinite Hi factor. Note 
also that it is quite simple to produce a family of unitaries satisfying the conditions of 
Lemma 4.1. In fact, if /? is a Zp2-action on the hyperfinite J/i factor with outer invari- 

ant (p, e f ), then the unitaries implementing the crossed products in the Jones tower 
and tunnel for the inclusion R G Rxip l^z verify the desired properties. The unitary 
g of order p is chosen instead from the elements of the first relative commutant. 

In the next lemma we show that the inclusion C R-\ Zp2 = R^ can be 
obtained by iteration of the basic construction from an extremal commuting square 
(see comment at the end of Section 3). 



8 



KENNETH DYKEMAt AND MARIA GRAZIA VIOLA 



Lemma 4.2. Set Rq = {c/, C/q, C/i, C/2, ■ ■ ■}" C i?i = C/_i, C/q, C/i, C/2, ■ ■ ■}"; and 
R-k — {qUqUi ■ ■ ■ U^_i, Uk, Uk+i, Uk+2, ■ ■ ■}" for k > 1, as in the previous lemma. 
Then 

{g,Uo}"^B C A = {g,U^^,Uor 

u u 

{gV^D c C^{g,U^,r. 

is an extremal commuting square and generates the inclusion Rq C -Ri by iteration 
of the Jones basic construction for D G B and C <Z A. The successive steps in the 
Jones tower for the inclusions D d B and C d A are given by the algebras A^q^ and 
A^^"^ respectively, where A^q"^ and A^^^ are defined by 

Af = {g, Uo, U,,..., Uk}" C Af^ = {g, U_,, Uo, U,, . . . , Uk}" 
for k > and 

-D = {g}" C a[-'^ ^C^{g, U.,}". 

Moreover, A'^~^^ = R'_f. n Rq and "^^ = R'_f, n Ri for all k > 1 
Proof. The diagram 

{g,Uo}" C {g,U^^,Uo}" 
U U 
{9}" C {g, 

is an extremal commuting square because of the properties satisfied by the unitaries 
Uk and g (i.e. (ii)-(iv) in the previous lemma) and the definition of the trace on Rq. 
Next we want to show that A''^~^^ = R'_^ n Rq C R'_k n Ri = A^^~^\ Set 

A^!;'^ = {9U'oUf---Uj_,}" 

A^'j = {gU^Uf ■ ■ ■ Uj, Uj+i, Uj+2, . . . Uk}" for k > j and j > 1. 

By the previous lemma Uk is the unitary implementing the crossed product in the 
k-th step of the Jones tunnel for the inclusion Rq C Rq XAd(;7_i) = -Ri, so iterating 
the basic construction horizontally and constructing the Jones tunnel vertically, we 
obtain the following diagram 
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-1) ^ 


4(0) 
A\ ' 


c 


4(1) 
AY 


c 


4(2) 
AY 


c . 


■ A\ 


1) 


c 


A\ 


c 


4(fc + l) 

A\ ' 


c . 


. . c 


Ri 


u 




u 




u 




u 




u 






u 




u 






u 


^0 




4°' 

U 


c 


U 


c 


U 


c . 


. At 

. u 


1) 


c 


4" 

u 


c 


u 


c . 


. . c 


Rq 

u 








c 


u 


c 


A^l\ 

u 


c . 


. u 


1) 


c 


A^^l 

u 


c 


u 


c . 


. . c 


u 










^2 


c 


AS 

u 


c . 


. At 
u 


1) 


c 


A^ 

u 


c 


u 


c . 


. . c 


R-2 

u 



u 

At"^ C 

u 



u 



u 



u 



A'-'ld A 



(fc+i) 

-k 



C 



u 



u 

. . c R-k 

u 



where A^] = A^^^ '>^Ad(Uj) for alH > and j > i, as well as for i = 1 and j > 0. 
Obviously A^^^ C R'_^ r\ Rq, so we only need to show the other inclusion. Let 

X e R'_f^ n Rq. Since {AQ^}j>_i is the Jones tower of Rq, if we denote by the 

^0 

conditional expectation of -Rq onto Aq \ then x = lim x^^^ with a;*^-^^ = E^^-^^x). 



Since x e we have that for any y e A^]. C Aq 



i(i) 



Therefore x^^^ e (A^])' fl for every j > k - 1. 



Since A, 



U) 



i(i-i) 



'>^Ad{Uj) for all j > 0, by iterating the crossed product 



construction, we can write any element x^-'^ e {A'f_jJ' n Aq' as x 



i(j> 



r.(i) 



2 _ 1 lj-fe+2 



where Z = {l{k — 1), /(/c), . . . , /(j)) is an element of {1,2, ... — 1} 

{g, Uo, C/i, . . . , = 4'"'^ and M^' = Uit'^Ui^'^Ult'^ ■ ■ ■ uf'\ Now we want 

to explore the restrictions given by the condition x'^^^ e (^-1)' for j ^ k. A simple 
computation shows that 

Ad{Um){W^) = e ^ for all A; < m < j - 1 

2TTil{j-\) 

Ad{Uj){W^) = e ~^^WK 
Thus, x^i^ e {A^ily n aH^ if and only if 

i) l{j - 1) = 

ii) l{m + 1) = l{m — 1) for all A; < m < j — 1 

iii) l{k) = l{k — 1) mod p. 
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Assume j — k = mod 2. Then, the previous conditions imply that x^^^ G {A^^ U 
{mU!^2UU,---UUUny'' ^^^h MUl^M+,---UUU^,At'^] = O. since 
= E\{x) e (A^fl)' n v4i/'^ we also have that x^^') = E o) ^ where 

p-1 

x(j) = «Kf^rf^fc+2^fc+4 ■ ■ ■ ^J-2f^Jf^J+2)^ and ai G 4^'"^^. Note that for every 
/=o 

/ ^ {UlUl^^Ul^^ ■ ■ ■ U^_2U!IU^^2y is orthogonal to (A^])' n 4^'^ with respect to 

Similarly, ii j - k = 1 mod 2 one can show that x^^) G (A^^^^^ U {f/^_if/^+i • ■ ■ Uj})" 
belongs to A[^ Since x = lim it follows that x G A^q so i?'_^ni?o C Aq'^ 

An analogous argument shows that fl i?i = A^^ '^^ . □ 

Using the above commuting square we can now prove the existence of an inclusion of 
von Neumann algebras Ai C Bi for the amalgamated free product A = {{Q ® -Ro)*i?o 
Ri), where Q is a J/i factor. Moreover, Bi is the crossed product of Ai by a Zp2- 
action, and A = {*{Q) ® Mp(C). The proof uses the following lemma, which is a 
consequence of |Dy| . 

Lemma 4.3. Let N G M be an irreducible inclusion of finite dimensional von Neu- 
mann algebras with inclusion matrix A and let r be a faithful, tracial state on M with 
trace vector s . Let 

~t = (t,)5=i = A^s 
denote the trace vector for t\n ■ Thus, 

i 

A^ = 0M„^.(C) 

and tj is the result of t applied to a minimal projection of the jth summand of N. 
Let Q be any Ili-f actor. Then for the amalgamated free product of von Neumann 
algebras with respect to the obvious trace-preserving conditional expectations onto N, 
we have 

{Q®N)*NM = Q^*---*Q^*L{Fr), (1) 

with 

r = -i + l+\tf - I'sf, 



where we use the definition from |DRj for notation forr possibly negat 



ive. 



Proof. Let 21 denote the amalgamated free product von Neumann algebra on the 
left hand side of (^. If is commutative, then the isomorphism (P) follows directly 
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from \Dy[ Cor. 3.2]. For general A^, let fj be a minimal projection in the jth summand 

e 

of and let / = ^ fj. Then, as is well known, 

m = {Q® fNf) *fNf fMf. (2) 

(This can be seen directly, or by applying |BD1 Lem. 2.2] and taking the obvi- 
ous representation of the full free product C*-algebra.) The inclusion matrix for 
fNf C fMf is still A, while the trace vectors for T{f)^^T\fMf and T(/)^V|/iv/ are 
r(/)~^s and T{f)~^t, respectively. Since fNf is commutative, from (j2)) we get 

/2t/ = g^*---*g^*L(F,o, (3) 

*i *i 

with 

r'= -£ + l + r(/)-2(|7|'- 

Using the formula in |DR,| Prop. 4] for rescalings, from and 21 = (/2t/)T-(/)-i, we 
get ((H), as required. □ 

Remark 4.4. Let M be a IIi factor and a G Aut(M). Then for any projection p in 
M there exists 7 G Int(M) such that 7 o = p 

In fact, by the uniqueness of the trace on M, p and a{p) must have the same trace. 
Therefore we can find a unitary m in M such that ua{p)u* = p. 

Lemma 4.5. Consider a IIi factor and an automorphism a of M. Suppose that p is 
a projection in M with a{p) = p. Then, a is inner if and only if a\pMp G Int(pMp). 

Proof. One of the implications is obvious since if a = Ad u fixes p then p commutes 
with u and a\pMp = Ad{pu) on pMp. For the other one, let M = M®i?(£^(Z)) 
be the associated IIoo factor and set 5 = a IdB(i2(z)) G Aut(M). It will suffice 
to show that 5 G Int(M). Indeed, 5(1 ® en) = 1 (8> en, so 5 inner implies that 
= 5L„ ^^fn^ ^ is inner. 

l(l(g)eii)M(liS)eii) 

Let q = p ^ 1. Take partial isometrics Vj in M with j > 0, such that for every j 

00 

we have v*Vj = q and q + ^^VjV* = 1. By hypothesis, there exists u G qMq such 
that a{x) = uxu* for all x G qMq. Set 

00 

w = a{vi)uv*, 

i=l 

which is a unitary in M. In addition, for any ?/ G M we have 

00 00 
wyw* = a{vi)uv*yv*ua{vj) = a{vi)a{v*yvj)a{v*) = 

i,j=l i,j=l 



a{viV*yVjV*) = a{y). 
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SO 5 G Int(M). □ 
As an easy consequence of the previous lemma we obtain the following corollary. 

Corollary 4.6. Let M be a IIi factor and a an automorphism of M. Let p be a 

projection in M fixed by a. Then a and a\pMp have the same outer invariant. 

Now we are ready to show that for any IIi factor Q, the factor {Q (g) -R_i) *r_^ Rq 
is the enveloping algebra of an inclusion Ai C Bi, with Ai a free product factor. 
Observe that if the commuting square 

B C A 
U U 
Dec 

is extremal, then the von Neumann algebras {Q ® D)*£)C and {Q ® B)*b A, are IIi 
factors. 

Proposition 4.7. Let 

B C A 

u u 

Dec 



be the extremal commuting square of Lemma 'J~^ Consider the inclusion of amalga- 
mated free products 

{Q®D)*dC(1{Q®B)*bA, (4) 

where Q is a Hi factor. Set 9i = Ad[(Q0/))^,^q Then, 9i is a Zp2-action on 

{Q (8> D)*£,C such that {Q ^ B)*bA is isomorphic to the crossed product {{Q D)*b) 

C) xie^ Zp2. Moreover, the outer invariant of 9i is {p,e p ), and {Q ® D) *£> C is 
isomorphic to (^*iQi^ * £ (Fr), where r = —p + 1 + ^ — ^. 

Lastly, iteration of the Jones basic construction for the inclusion of factors in ^ 
yields 

A={Q® Ro) *ijo Ri = {Q® R-i) *R_, Ro, 
as the enveloping algebra. 

Proof. First note that the span of elements of the form qiCiq2C2 ■ ■ ■ qn~iCn-iqnCn with 
qi E Q and Cj G C is a dense set in {Q ® D) *£) C , as described in |Polj . It follows 
that Ad[(Q^B)*BA]{Uo) leaves {Q ^ D) *d C invariant, since Uq commutes with every 
element of Q and AdB{Uo) leaves C invariant. 

Moreover, using the properties satisfied by the U^s and g, it is easy to check that 

Adcm=^dc{9*)- (5) 
Also, since g commutes with the elements of Q, (jSJ still holds if we replace C by 
{Q®D)*dC , i.e., 

Ad[(Q^i5)*BC] (U^) = Ad[(Qcg£,)*3q (fl'*)- 
Thus, 9i = Ad[(Q^£))*oC] (^o) is a Zp2-action on = {Q ^ D) *£) C with outer 
invariant [p,e p ). 
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In addition, by the definition of tlie von Neumann algebras A, B, C, and D in tfie 
commuting square and tfie representation of any element in the amalgamated free 
product we described before, it follows that 



Set Bi = {Q ® B) *B A and denote by r the trace on Bi, as defined by Popa in 
|Polj . We want to show that Bi can be realized from Ai through a crossed product 
construction with respect to the Zp-action 6i. Observe that any monomial which is 
an alternating product of elements in Q ® -B and A can be written using only one 
occurrence of Uq to some power, because of the relations (ii) and (iii) of Lemma 14.11 
and the condition [Q, Uq] = 0. Therefore, it suffices to show that if m is such a 
monomial and it contains a non-zero power of Uq, then T(m) = 0. 

Denote by the conditional expectation defined on Q ® D and by E2 the con- 
ditional expectation on C. Using again the relations (ii) and (iii) of Lemma f4. II and 
the fact that Q and Uq commutes, we obtain that it suffices to consider elements of 
the form 



where G (Q ® -D) fl kerE^, q G C fl kerE2 Vi. Indeed m is a linear combination 
of elements of this form. Since t{UqCi) = (see the definition of the trace on Rq 
in Lemma [4. the definition of the trace on the amalgamated free product implies 
that r(m) = 0. 

Now denote by A the enveloping algebra obtained by iteration of the Jones basic 
construction for the inclusion 



The last step of the proof is to show that (Q ® -D) *z) C is isomorphic to ( *iQi ) * 



£ (F^). Note that D = alg{g} = C^i © C^a • • • © C^p = C^, where the ^^'s are the 
spectral projections of g. Moreover a maximal set of mutually orthogonal minimal 
central projections for the finite dimensional algebra C is given by the spectral pro- 
jections of U^i, since U^i generates the center of C. Thus, by |GHJj C is isomorphic 
to Mp(C) ©Mp(C) . . . ©Mp(C), where the sum has p terms. In addition, the inclusion 
matrix for the inclusion D (Z C is given by 



{((g © D) *D C) U {Uo}}" = {Q®B) *B A. 



a — U^qoCoqiCi . . . qiCiqi^iCi^i ■ ■ ■ qnCnQn+i 



By Lemma f4. 21 and Theorem 1.2 in |Ralj we obtain that 

^ = (Q ® Ro) *Ro Ri = {Q® R-i) Rq. 




n 



1 
1 
1 



1 

1 
1 



A 



1 

1 



1 

1 




1 



1/ 
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P 



( 1 \ 

1 

1 

V 1 y 



By Lemma [4.31 



□ 



Taking Ai = {Q ^ D)*£)C and Bi = {Q ^ B)*bA, we can reformulate the previous 
proposition as follows. 

Theorem 4.8. Let N be any IIi factor and p a prime. Let Q be a IIi factor such 

that Qt = N IS) Mp(C) for t = Then the Ih factor A = {Q ® *r_^ Rq 

can be realized as the enveloping algebra of an inclusion Ai C Bi, where Ai is a free 
product factor and Bi is the crossed product of Ai by a Zp2 action 9i. Moreover, 
by perturbing 9i by an inner automorphism, if necessary, we obtain a Zp2-action on 

*iN, which has outer invariant {p,e~). We denote this action on *iN by 6i. 

Proof. We showed in the previous theorem that Ai = (^*iQi^ * ^(Fr) with r = 

—p + 1 + ^ — ^. Denote by r the trace on Ai. Let q a projection in Ai such 

that r(g) = \J^^ = t- By Remark 14.41 there exists 0i G Int(Ai) such that 0i o 

^lil) = <?• Note that 6 and 0i o 6i have the same outer invariant since they differ 
by an inner automorphism. In addition, using the rescaling formula in |DRj we 

obtain that qAiq = *iN, since = {Qk)t- Moreover, Corollarv 14.61 implies that the 

p 

automorphism 9i = (0i o 6*1)15^19 has also outer invariant {p,e p ). □ 

The automorphism 61 is our first example of a Zp2-action on the free group factor 
*^A^ with outer invariant {p,e~). The second example example of a Zp2-action on 
*iN with the same outer invariant as 61 is also obtained through a subfactor construc- 
tion. Again we let Q be a IIi factor such that Qt = N^Mp{C). The Zp2-action 62 is 



X 



constructed using the crossed product factor Ai = (^(^i*iQ) * ^ (f^_i_^^ ® Ri 

Zp, where 7 is a Zp-action on (^*iQ * £, (f^_i^^ R. 7 is defined using two Zp- 

kernels, a G Aut (^{*iQ) * ii ^F^_i j j and (3 G Aut(-R), with conjugate obstructions 
to lifting. 

Let Aj : Q — > *iQ be the canonical map defined on the i-th copy of Q in the free 
product, and denote by u the unitary which generates £ ^F]^_i j = il(Zp). We define 

an automorphism a on {*iQ) * £ ^F]^_i j by: 
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a{Xi{x)) = Aj+i(a;) for every x E Q, with i G {1, . . . ,p — 1} 
a{Xp{x)) = uXi{x)u*, for all x E Q 



2Tvi 

aiu) = e p u. 



Note that = Ad u, so that a has outer invariant {p,e p ). 

Using the model R = Rq = {g,Uo,Ui, . . .}" for the hyperfinite J/i factor, we 
define the automorphism (3 = Adijo(f/_i). Since = AdRg{g), /3 is a Zp-kernel 

2-iTi 

with obstruction e p to hfting. Observe that a (3 has outer invariant [p, 1) 
so it can be perturbed by an inner automorphism to obtain an action of Zp on 

*iQ) * ii ^F]^_i j j (g) Rq (see comment at the end of Section 2). Denote by Cj, for 



p 



e p Cj. Then 



we can define the action on {{*{Q) * 2^ ^F^_i j j Rq by 



7 = Adp/ p f XX n 



p-1 

-27rii 



e El with i?; = 2^ Cfc (^j, is a p-root of u* ® g* which 

l=Q k,j=l,...,p 

k+j=l mod p 

belongs to the fixed point algebra of a /3 in (^{*iQ) * £ ^F]^_i j j ® i?o. 

Theorem 4.9. Let M = (^(^i*iQ) * £^ (f^_i^^ Rq^ Zp and denote by v the 
unitary implementing the crossed product. Set 

A2 = (KQ ®l)U{u®l,l®g, v})", 

where [m ® 1, 1 ® = 0, v{u (g) 1) = e~ {u ® l)v, and v{l ^ g) = (1 ® g)v. 
Consider the inclusion of subalgebras of M. 

A2CB2 = (A2U{l®f/o})"- 

Then, A2 is isomorphic to (^*iQi^ * 'C(Fr) with r = ~p + 1 + ^ — p-. ^4/50, B2 is 
equal to the crossed product A2 xi^^ Zp2, where 62 = Ad (1 ® Uq) is a 'Ep2-action on A2 

2TTi 

with outer invariant {p,e p ) . 

Furthermore, M. is the enveloping algebra for the inclusion A2 <Z B2. 

Proof. First observe that if {gu \ 1 ^ k < p} denotes the set of spectral projections 

of g as in Lemma then Ad(l ® f^o)(l ® gk) = 1 ® gk+i for 1 < /c < p and 

Ad (l®?7o)(l®fi'p) = Also, Ad(l(8>f/o) leaves -u®! invariant. Therefore, ii Ei = 

p-i 

Ck gj and W = e p'^ Ei as before, we have that Ad {l^Uo){Ei) = Ei^i 
k,j=i,...,p 1=0 

k+j=l mod p 
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for < / < j9 — 1 and Ad (1 ® Uo){Ep_i) = Eq. Consequently, 

(1 ® Uo)v{l ® UoY = (1 ® f/o)7(l ® U;)v = (1 ® Uo) Ad W{P{1 ® U;)v 
e"^(l ® f/o) Ad ® U*)v = Ad (1 ® f/o)(W^)W^*^^ = 



-27ri / ^ —27vil 27ri(l— p) \ / ^ 2-Ki 



e p 




2^ e^Ei+i + e^^Eo W*v = \2^Ei + e"" 



Moreover, if Aj : Q — > is the canonical map on the i-th copy of Q in the 
free product, then Ad (1 ® Uo){\i{x) (g) 1) = Xi{x) ® 1 for all x G Q and for every 
1 < i < p, thus 02 = Ad (1 Uq) defines an outer automorphism of Also, 

AdA2(l ® UoY = AdA2(l O g*) and AdA2(l ® f/o)(l ® = eT'(l ® g*)^ so ^2 has 

outer invariant (p, e p ). 

Note that any monomial m in ^2 can be written as m = m'v'^, with m' a monomial 
in ® 1) U {m ® 1, 1 ® (7, 1 (S> f^o})" and < k < p — 1. Clearly m' can be written 

using only one occurrence of 1 ?7o to some power so the same holds for m. 

To complete the proof that B = {A U {1 ® Uq})" is the crossed product of A2 
by 6*2 = Ad^2(l ® Uq), we need to show that the trace r, which B2 inherited as a 

subalgebra of = * (^F^_i j j Rq^ x^Zp, is zero on any monomial m in 

B2 containing 1 (S> f/o- If the monomial has the form m = m'v^ with m' a monomial in 
(*^Q(g)l)U{M(g)l, l(8)5f, l(g)f/o \ l <i <p} containing l(8)t/o, and < A; < Since 
V is the unitary implementing the crossed product, we can conclude immediately that 
m has zero trace. Next, assume that A; = 0, so that the trace of m as an element 

of ^A coincides with its trace as an element of (^{*iQ) * (f^_i^^ Rq. By the 

definition of the trace on Rq (see Lemma f4.H) it follows that r(m) = 0. 

Observe also that as in Lemma 14.11 the successive steps of the Jones basic con- 
struction for the inclusion A2 C B2 are obtained by adding the unitaries ?7i, f/2, • • •• 
Therefore, Ai is the enveloping algebra for A2 G B2. 

Lastly, we want to show that A2 is an interpolated free group factor. Using the 
spectral projections {1 ® gi}i of 1<S) g, and the unitary v we can define the family of 
partial isometries 

1 = (1 ® gj)v^-\l ® gi) = (1 ® g^y-' 
Consider the induced algebra /i, 1^42/1,1. By Lemma 5.21 in |VDNj . 

/i,i^2/i,i = {flixfk,! \l<k,j<p,xe ny, 

where fl = {Xhiq) <^l,u^l,l<^ g,v \ I < h < p and q is a generator of Q} is the set 
of generators for A2. We claim that 



/i,iA2/i,i = (kq) * i: (Fi_i)) 



This is a simple consequence of computing the various products of the form f*ixfk,i 
for X E Q. Indeed these calculations yields 

i) (1® 1 = e^(l®^i), while fl,{mg)fk,i = ior j ^ k and l<j,k<p 
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ii) f*^{u O 1)4 1 = e '"p' '\u ® ^i), while f*-^{u ® 1)/^,! = ioi j ^ k and 
l'<J,k<p 

iii) = 1 ® ^1 for 1 < j < p 

iv) flivfk,! = ioi j ^ k + I and I < j, k < p, except for fl^v/p^i = liS)g^. 

Also, if {cj}^ denote the spectral projections of u, then for any 1 < h < p we have 
that 

27ri{i-fc)0-l) 

v) ® 1 = 2^ e eAh-j+i(g)efe ® fi-i, for all A/,(g) I E Vl 

l,k=l 

and 1 < j < /i + 1. 

27vi(l-k)U-l-p) 

vi) /j'i(A/,(g)(g)l)/j-i = 2^ e eAp-i+m(g)efc®5'i, for all A/,(g)(g)l G 

and h + 1 < j < p. 

vii) /;,i(Aft(g) ® = for and l<j,k<p. 

Therefore, /i, 1^2/1,1 — (*iQ) * '2(^F^_ij. Using the scaling formula for in- 
terpolated free group factors we conclude that A2 = (^*iQi^ * 'C(F,.) with r = 
-p+l + h-^- ' □ 



By compressing the IIi factor A2 and using the rescaling formula in )DRj we obtain 
a Zp2-action on a free product factor, with the same outer invariant as widetildeOi. 

Corollary 4.10. Let N be any Ih factor. Take the Ih Q so that Qt = N ® Mp{C) 
for t = Then the Ih factor M = (^({*{Q) * £ (^1-1)) ® ^0) >^7 is the 

enveloping algebra of an inclusion A2 C B2, where A2 is a free product factor, and 
B2 is the crossed product of A2 by a 'Ljfi action 62- Let q be a projection of trace 

t = \J^^ (^f^d 02 (^n inner automorphism such that 02 ° ^2(9) = <i (as in Remark 

\4-4^ - Then O2 = (02 o 02)\qA2q is a Zp2-action on *iN, which has outer invariant 
(p,e^). 



5. The Connes invariant of the factors A and M 

We devote this section to the computation of the Connes invariant of the factor 
A = {Q ® R_i) Rq, where Rq = XAd{c/o) ^p^. We show in Corollarv 15.21 
that this is equivalent to computing the Connes relative invariant of the inclusion 
-R-i C -Ro- The proof is based on an adaption of the method of Sakai's Lemma 4.3.3 
in |Sakj . to amalgamated free products of von Neumann algebras. 

Suppose A/" is a von Neumann algebra that is unitally embedded in von Neumann 
algebras Ai and A2, each equipped with a faithful, normal tracial state ti, respectively 
T2, such that the restrictions of ti and T2 to Af agree. Let Ei : A^ J\f he the Tj- 
preserving conditional expectation. Let 



{M,E) = {A,,E,)*^ {A2,E2) 
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be the amalgamated free product of von Neumann algebras. Then, by |Po21 Propo- 
sition 3.1] Ti o ii^ is a normal, faithful tracial state on A^. As is conventional, we will 
denote the map A4 L'^{A4,t) hj x ^-^ x. For emphasis, we may denote the left 
action of A4 on L'^{A4, r) by x i— X{x), and we will denote the right action of A^°p 
on L^(A^, r) by X (— > p{x) = JX{x)J, where Jx = x*. 

Proposition 5.1. Suppose there are unitaries Ui G Ai and U2,Us G A2 such that 

X G Ai, Ei{x) = ^ Ei{uixul) = (6) 
Ei(ni) = = E2{u2) = E2ius) = E2{u;us). (7) 

Let y & M. and set 



max ||[y,M,]||2, 

l<i<3 



Eiy)\\2<Ue. 



where [a, 6] = ah — ha. Then 



Proof. Let A° = ker Ei C A^. From the construction of the free product with amal- 
gamation, due to Voiculescu |Voj . A4 has subspaces J\f and 

which are mutually orthogonal with respect to E, hence also with respect to r, and 
Ai is the weak closure of the linear span of the union of these subspaces. Let 

F = Al + + + + ---CM 

be the span of the union of the these subspaces that end in A°, and let denote the 
closure of this space in L^(A^, r). 
Let us first observe that 

\{u,)p{ui)J^ + J^ = L\M,T)e L\M, r). (10) 

Indeed, since E{ui) = 0, it is easy to see that all of the subspaces belong to either 
F or uiFul, which become JF and \{ui)p{ui)J-' upon embedding in L^(A^,r). For 
example, A°A2 = Ui{ulAlA2Ui)ul and 

C + A°ui C + A°Al C F. 

Furthermore, from ©, we find uiA°ul = A°, and from this we see A(mi)p(mi)JF C 
L\M,r)eL^iAf,T). 

Let us now show that the three subspaces 

JF, A(m2)p(m2)^, \{us)p{u3)J^ (11) 

are contained in L'^{Ai, r) L?'{M , r) and are pairwise orthogonal. We already have 
JF C L'^{M,T)eL'^{J\f,T). Since E{u2) = E{u^) = 0, it is easy to see that for i = 2,3, 
we have 

UiFu* C A°u* + A°A°u* + A°A°A°u* + ■■■ 
C AIA° + + + ■ ■ ■ 
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Therefore, X{ui)p{ui)J^ C L^(A^, r) L'^{Af, r) for i = 2,3 and both are orthogonal 
to JF. It remains to show that these two subspaces are orthogonal to each other. 
However, letting 

jodd, 
A2 j even 



using freeness we have 



= T{u2E{alE{a*2 ■ ■ ■ E{al_^E{a*^aJa[^_^) ■ ■ ■ a2)a[)ul) 

= t{E{- ■ ■ )ulu2) = r o E{E{- ■ ■ )ulu2) = t{E{- ■ ■ )E{ulu2)) = 0, 

where we use E{u'^U2) = 0. A calculation shows 

(a l)r = when n ^ m. 

These calculations imply the orthogonality of \{u2)p{u2)J^ and \{u^)p{u^)J^ . 

Let Po be the projection from L^(A1,r) onto JF and for i = 1,2,3 let Pi be the 
projection from L^(A1,r) onto \{ui)p{ui)J^ . Since \{ui) and p{ui) are unitaries, we 
have 

= A(«,)p(«.)^oP«)A«), {l<i< 3). (12) 
Note that ||A(Mi)C||2 = ||p(Mi)CI|2 = IICII2 for all C ^ L'^{M,t), since this holds when 
C, = X ioT X E M.. 

Let y ^ A4 and let e be as in For 1 < i < 3, using (|12j) we get 

immu - wPomhi = |iiPo(^:)ii2-iiPo(y)ii2| < wPoi^^* - y)\\2 

< \\uiyu* - y\\2 = \\[ui,y]\\2 < e. 
Let s = \\y — E{y)\\2. For 1 < z < 3, we have that ||Pi(y)||2 < s and 

\\\m)\\i-\\Pom\i\ = \mm\2-\\Pom2\m^^^ 

From (|iup. we have 

s'<\\Pom\i + \\Pim\i<nPom\i+^se, 

so ||Po(y)||2 ^ Y ^ -^^^ C)n the other hand, from the orthogonality of the three 
subspaces (fTT|) and their containment in L^(A^, r) L'^{M, r), we get 

> wPoimi + \\P2m\i + mmi > npoimi - > - r.e. 

This yields immediately 14e > s. □ 

Corollary 5.2. Consider a IIi factor N and let K a discrete group acting on N . 
For any IIi factor Q, let M = [Q ® N) {N K). Then the Connes invariant of 
M is isomorphic to the relative Connes invariant of the pair N G N K . 

Proof. Consider the map $ : Aut(A^ yi^K,N) Aut(M), defined by 

$(a) = {Idq a\N) *N a, 

A consequence of the previous proposition is that the argument used by Radulescu 
in |Ra21 Proposition 3] can also be apphed to our factor M so is a continuous map 
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sending Int(A^ yi^K,N) into Int(M), and Ct(A^ >i^K,N) into Ct(M). Note also that 
in Proposition 3 the hypothesis that the inclusion C xi^ is hyperfinite is not 
necessary. □ 

Thus, for the Hi factor A = {Q <S) R-i) *_r_i -Ro; where Q is a IIi factor, we have 
that xi-^) — x{RoiR-i)- To compute the relative Connes invariant we first need to 
determine how the algebra R'^^HRq sits inside the tu-central algebra (-Ro)tj = Rq^R'q- 

Given a von Neumann algebra M and a subgroup G of Aut(M), denote by 
the algebra containing all the elements of M fixed by G. 

Lemma 5.3. Let R_i = {gU^,Ui,U2, ■ ■ ■}" C {g,Uo,Ui,U2, ■ ■ ■}" = Rq be the in- 
clusion of type III factor described in Lemma \4.1\ Set f3 = Adf(g{U^i) and denote 
by = (Adi?g([/_i))a;. Then, is a non-trivial outer action of order p, with the 
property that 

Moreover, R'^^ (1 Rq G Rq fl -Rq is an inclusion of Hi factors of finite index. 

Proof. Using the relations satisfied by the f/^'s and g, it is easy to check that 
= AdRf^{U^i) = Adpig^g). Since g belongs to Rq, AdR^^^g) is a centrally trivial au- 
tomorphism, which implies that /?p = 1 by Remark [2.51 Also, = {Adf{^{U_i))^ is 
non-trivial. Indeed, if was trivial then /? would belong to Ct(i?o) by remark men- 
tioned above. But for the hyperfinite Hi factor Rq we have that Ct(i?o) = Int(i?o) 
by \Co2[ Corollary 4], and P = Ad/j,)(t/_i) ^ Int(i?o)- Therefore P^ is a non-trivial 
Zp-action. 

To show that (i?^ n = R'^^ n R'q, first note that R_i is the fixed point 

algebra Rq, where G = (/?). In fact, write any element x of -Rq = R-i ^Adj? ^(Uo) 
p-i 

ajf/p with G R-i. Now observe that P{Uq) = c^Uq, while P{x) = x for any 

1=0 

X G Thus, p^ acts as the identity on R'^^ f] R'q and R'^^ f] Rq C (i?^ n R'qY'^'^K 
On the other hand, from the observation that 

(R^ n r'qY^-^ = {x + Pix) + p^x) + ... + pp'-\x) I X G RoY n R'q, 

andx + P{x) + ... + pP^-\x) G R^f^ = R-i, it follows that {R^ n R'q^^^^ C R'^iHR'q. 

In addition, P^ is outer since if P^ = Ad/jc^ni?/ (t) for some t & Rq H R'q, then 
txt* = P^{x) = X \/ X e R'^i n R'q. This implies that t G n R'q)' n (R'^ n R'q). 
But by |Oc2j (see Theorem 15.30 in |EKj for a proof and note that the hypothesis 
of a trivial relative commutant for the original subfactor is unnecessary) the relative 
commutant of R'^i fl R'q in Rq fl R'q is trivial. Observe also that P^j has the smallest 
period in its outer conjugacy class. Therefore Rf_i fl i?o is a factor by |Co3| Theorem 
2.5]. In addition, Rq fl i?g is a Hi factor by Theorem 15.15 in |EKj . Also, the index 
of the inclusion R'^^ n R'q C Rq H R'q is finite because of the remark below. □ 

The fact that P^^ is outer provides us with some additional information about the 
inclusion R'^^n R'q G R^ (1 R'q. 
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Remark 5.4. Let ao an outer action on a finite von Neumann algebra M and set 
G = (ao)- In [Example 3, |Wasj / A. Wasserman showed that the Jones tower for the 
inclusion G M is given by 



M^CMcMxGcM® B{L\G)) C 

This implies that the inclusion C M has the same form as the inclusion 
M C M >^ G, i.e., M = M'^ xi G. It follows that if (3^ is the outer action de- 
fined in the previous lemma then Rq H Rq = {R'f.i fl Rq) xi/j^ Zp. Therefore, the 
only non-trivial automorphisms of Rq n R'q which are the identity on R^^ n R'q are 
{Pt \l<k<p-l}. 

Given an inclusion N C M, the normalizer of in M is given by MhiiN) = {m G 
i?o| AdM(A^) = A^}. The description given in the previous remark for the inclusion 
R^i n i?g C i?Q n i?Q allows us to give a precise characterization of the automorphisms 
in Ct(i?o, R-i)- 

Corollary 5.5. Let a be an automorphism in Ct(i?o, R-i)- Then, there exists j G 
{1, . . . ,p} and u in N'r^{R-i) such that 

Moreover, up to automorphisms in lnt{Ro, R-i) , a set of generators for N'Rf^{R-i) is 
given by 

{AdR,iU^) |j = l,...,8} and 

p 

{ Adi?o ( Yl e T /or 1 < J < p}, 

where the gi 's are the spectral projections of g E Rq. 

Proof. The statement follows from the previous remark and the same sort of argu- 
ments used by Radulescu in |Ra2| Corollary 11 and Lemma 12] for the case p = 2. □ 



Recall that the Connes relative invariant was defined as 



„ , Ct{Ro, R-i)rMnt{Ro,R^ 
X{Ro, R^i) = — 



Int(i?o,^-i) 

Thus, now that we know the form of any centrally trivial automorphism, we need 
to recognize which of these automorphisms are also approximately inner in order to 
compute x(-Ro, R-i)- For this purpose we define the Loi invariant of a IIi subfactor. 

Let C M be an inclusion of type Hi factors with finite index and Jones' tower 
N C M C Ml C M2 C ■ ■ ■ . Consider the group Q formed by all families {ak}k>o 
of trace preserving automorphisms ak on A^' fl M^, which preserve the inclusion 
M' n Mk C N' n Mk, and satisfy the conditions 

i) ttfc+i is an extension of ak for ever A; > 0. 

ii) ak satisfies ak{ej) = cj for all Jones projections cj and j = 1, . . . , k. 
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There is a natural way to produce an element of Q from an automorphism a in 
Aut(M, A^). Let C M be as above and consider an automorphism a of M leaving 

invariant. Since a commutes with the conditional expectation En onto A^, it is 
possible to extend a to an automorphism of the algebra Mk defining a{ek) = e^. We 
still denote by a the extension of the automorphism to Mk . Consider now the restric- 
tion ak of a to the higher relative commutant A^' fl Mk (which is an automorphism 
since a{N' fl Mk) = N' (1 Mk). The family {aA;}fc>o is an element of Q and is known 
as the Loi invariant of the automorphism a. 

Remark 5.6. Let N G M be a strongly amenable, extremal inclusion of factors in 
the hyperfinite Hi factor. Then |EK| Theorem 15.5]j 

a G Int(M, A^) if and only if ak |Ar'nMfe= Id for all k E N. 

The Loi invariant provides us with a tool to recognize which centrally trivial au- 
tomorphisms are also approximately inner, and thus compute the relative Connes 
invariant of the inclusion R_i C Rq. The argument used in the following proof is 
similar to the one used by Radulescu in |Ra2j . We present it here for the sake of 
completeness. 

Proposition 5.7. The group x{Ro,R-i) is generated, modulo Int(i?o, -R-i), by 

Adj^iUri'Uo). 

Proof. Let 9 = e{a) be any element in x{Ro, R~i)- Then, ak |R'_^nRfe= Id for all 

k > 0. By Corollary 15.51 any automorphism in Ct(-Ro; R~i) is generated by elements 

p 

of the form AdR^^{U'liu) , with u = for some j > 0, or u = ^^ajt^j, where 

i=0 

ftj G T for every j > and G T. We want to show that AdRg(f/^^'u) belongs to 
Int(i?o, R-i) if and only if u = Uq and k + j = mod p. 

2Tvi 

Consider the automorphism $ defined by = e p g and $(f/j) = f/j, for every 
i E So $ leaves R^i invariant and has order p. Let ^k = ^\R'_j^nRk- Then 
{^A:}fc>o € Q- Recall that by Lemma HH] 

Rk n R'_, = {g, U^k, U^k+i, . . . , U^i}". 

2ni - 

Hence, by the previous remark, $^((7) = e p g implies that $ ^ Int(-Ro, -R-i)- 
Using the relations satisfied by the Uk 's and g one can easily verify that 

AdR,{Uo) = $ lim AdR,{U;u: . . . f/*„), 

n— >oo 

and 

Adn,iU^i) = $ lim Adn,iU:u; . . . f/*„_i)- 

71— 

Note also that $ commutes with the approximately inner automorphisms in the above 
decompositions. 

Therefore, the automorphism AdR^^{U\UQ) belongs to Int(i?o, -R-i) if and only if 
k + j = mod p. 
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To complete the proof we need to show that no non-trivial automorphism of the 

p 

form Adijo (^-i ^^Q^ifl'j) is in Int(i?o, -R-i)- 



i=l 



Suppose Ad/jg (f/^^ a;i(7i) G Int(i?05 -R-i) for some choice of < A; < p and 



1=1 



ai G T, for all 1 < z < p. Since Ad Rg{U-i){g) = e p g, we have that 

AdR, (^Wl^Ylaig^j (g) = e'^g. 

By the previous remark, it follows that k = 0. Also, it is a consequence of the 
equality Ad/j(,(?7_i)((?fc) = gk+i for 1 < k < p, where /c + 1 is reduced modp, that 

^•^^0 I X^ttifl'j I (^-i) = I ^Qitti-igi I f/_i. 



Thus, Adjig{^l^-^^akgk) belongs to Int(-Ro, -R-i) if and only if ak = afc+i for every 
1 < k < p. 

2 

From the relations AdRg{U^i) = Ad/jo((7), Uq = 1 and AdRo((7f/o) G Int(i?o, -R-i), 
it follows that any automorphism of the form Adiig{UQ~^U'^^) for 1 <k <p^ can be 
written as a power of AdR^{Ul~^U^i), up to an element in Int(i?o, -R-i)- Indeed, if 
we choose 1 < m < p — 1 such that 2m = k — 1 mod p then 

Adn,{Ul~'u\) = AdR,{Ul'u:ru'_tn = AdR^iigTU^V^n = 
AdKo(((7*f/o~'')"f/o''^''™"'f/-|'"") = AdR,{g*UoTAdR,{uf^^"'^~''"'-''U':t''"') = 
AdR,ig*U^n'^ AdRM^'^'^^'U^.tn = ^dR^ig*^^^^ 

□ 

Using Corollarv 15.51 we can now describe x{^) 

Corollary 5.8. Let C Rq be an inclusion of type IIi factors, where Rq is the 
crossed product R_i xiAdR . Let A= {Q ® R^i) *_r_i Rq, with Q a IIi factor. 

Then xi-^) — ^p^. Moreover, with the notation used before for the model R-i C Ro, 
we have that 

where ^ denotes the quotient map from Aut(^) to Out(^) = rrr- 

Int [A) 

Using the same type of argument used in |Vio|| and |.Jo3|j one can use the exact 
sequence introduced by Connes in jCo2j to compute the Connes invariant of the 

crossed product * £ (^Fi_i j j (g) i?o) X7 I^p since ({*IQ) * £ (^F^.i j j Rq 

Has only trivial hypercentral sequences. 
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Remark 5.9. The IIi factor N = (^{*iQ) * £, <^ Rq has no non-trivial 

hypercentral sequence. Moreover any central sequence in N is of the form (l(8)x„)n>0; 
for a central sequence (x„)n>o Rq- 

Indeed, since N = ((*?g) * 2 (Fi^i)) ® i?o = {{*TQ) ® ^o) *mRo {{*TQ) ® ^o) 

with ni + n2 = p, we can apply Proposition 15.11 to (^{*iQ) * (^F]^_i j j ® Rq. If we 
denote by E the conditional expectation on 1 ^ Rq, and take any central sequence 
(l/n)n>o in then E^y^) is a central sequence in 1 ® _Ro which approximate (?/„) in 
the L^-norm. 

The proof of the following proposition follows the one given in |Vioj for p = 3, after 
observing that given any two IIi factors Mi and M2 the free product factor Mi * M2 
is full (cf. 1^). 

Proposition 5.10. Let Q be a IIi factor and M = (^(^{*iQ) * 2 (f^_i^^ Rq^ 
Zp. Then x{M) = Zp2. 

6. Non-outer conjugacy of the actions 

In the previous section we have shown that the IIi factor A = {Q ^ R-i) *b.-i Rq 
has the same Connes invariant of the J/i factor A4 = (^(^{*iQ) * 2 ^F]^_i j j ® Rq^ 

Zp. However, the Connes invariant actually contains more information than what we 
have learn so far. This extra information derives from the position of this abelian 
group inside the group of outer automorphisms. To distinguish Ai and A we thus 
look at the crossed product of each of these two J/i factors with the unique subgroup 
of order p contained in xi-^) — x{^) — ^p^. We start this section by proving 
that the dual actions associated to this crossed products can be decomposed into an 
approximately inner automorphism and a centrally trivial automorphism. Using this 
decomposition we are able to show that A and Ai are not isomorphic. Hence, the 
Zp2-actions defined in Theorem 14.81 and Corollarv 14. lUI are not outer conjugate. The 
argument we use here is a generalization to any choice of prime p of the argument 
used by Radulescu for p = 2. 

Proposition 6.1. Let A = {Q ^ R-i) *r_i Rq, with Q a IIi factor. The automor- 
phism s = Ad^^lU^-^) defines an action of Zp on Rq which is the identity on i?_i. 
Moreover, the subalgebras C = {f/*^i, gU^, Ui, U2, ■ ■ ■}" andV = {U^i, g, Uq, Ui, . . .}" 
of Ri can be identified with the crossed products R-i y^gZp and Rq x^Zp, respectively. 
Both these von Neumann algebras are not factors: more precisely Z{R-i x^ Zp) = 
{U^^}" and Z{Rq X, Zp) = {g*U^_i}" . 
Lastly, 

^ Zp^{Q0 (i?_i X, Zp)) *R^,^^z^ (Rq X, Zp). 

Proof. Since s{gUQ) = gU^ and s{Ui) = Ui for i > 1, we can conclude that s acts 
as the identity on _R_i. To show that V can be identified with the crossed product 
Rq xigZp we need to verify that any monomial m in P can be written using only one 
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occurrence of U^-^ to some power. Moreover, any monomial m containing f/^^ must 
have zero trace in T>. 

Both these properties are immediate consequences of the relations between the 
elements of {Uk,g | A; G Z} and the definition of the trace on the von Neumann 
algebra generated by these unitaries (see Lemma f4.H) . An analogous argument show 
that X, = {[/^i, gUi;, Ui, U2, . . .]" . 

In addition, from the observation that s = Adu^^^lU^i) acts identically on R_i 

it follows that U^i belongs to the center of R-i xi^ Zp. Writing any element x 

p-i 

in Xs as Xj with Xj G R-i, it is easy to check that any element 

j=0 

in the center of R^i x^ Zp belongs to {U^i}". Indeed, if x commutes with every 
p-i 

y = ViU-i £ R-i ^p, then xji/i = yiXj for all 1 < i, j < p — 1, since s acts 

1=0 

identically on R_i. Therefore, yi ^ C for alll<i<p— 1. A similar argument is 
used to verify that g*U\ generates the center of -Rq ^p- The claim that 

^ ^AdAUl^) ^p = iQ® (R-i Xs Zp)) *R_Mp (Ro X. Zp) 
follows immediately from |Ra2l Remark 16]. □ 

Let s be the dual action of Zp on the crossed product i?o x^Zp defined above. Then 
s can be decomposed as a centrally trivial automorphism and an approximately inner 
automorphism. This proof is analogous to the one given by Radulescu for the case 
p = 2 and we present it here only for the convenience of the reader. 

Proposition 6.2. Let s be the dual action ofZp on Rq x^Zp = {U^i, g, Uq, Ui, . . .}" 

defined by s{x) = x for allx G Rq, and s{U\) = e p~ U^i- Set a = Ad/{oxisZp(^!!i^f^o)- 
Then, the decomposition s = {sa^^)a has the property that 

sa~^ G Int(i?o x^ Zp, R_i Xg Zp), 

and 

a G Ct(i?o Xs Zp, Xs Zp). 
Moreover, a ^ Int(i?o x^ Zp, x^ Zp). 

Proof. The relation Ad/j„>,^Zp(t^-i) |i?_i>^,Zp= Id |i?_i>^,Zp implies immediately that 
Adi?o>,,Zp(?/-i) e Ct(i?o Xg Zp, R^i Xg Zp). 

Next we want to show that P^dji^^^j^^iUo) belongs to Ct(i?o x^ Zp, R_i x^ Zp). 
By Corollary O we have that AdHo(f/o) ^ Ct(i?o, R-i)- Since Rq n R'^ is the 
crossed product of R"^^ fl -Rq by (Ad t/^i)^^, it suffices to consider the central se- 
quences for i?o X, Zp of the form ^U^_\grnijP-^ljf+rn)^pn^^pin.+k) Ulft''^ U^) n&i . 

for 1 < /c, n < p. Thus, it is enough to see how Ad Uq acts on {U^^UfU^ ■ ■ ■ f/2n-i)neN, 
since {gUQUiU2U^ ■ ■ ■ f^2n-i^2n)neN is a central sequence of Rq x^ Zp which belongs 
to R-i and Adf/o acts trivially on such sequences. A simple computation shows 
that Ad Uo leaves {U^U^Ul ■ ■ ■ f/fn- -i)nGN invariant. Therefore, Ad Uq belongs to 
Ct(i?o X3 Zp, R_i Xg Zp), as well as a = AdR^yi^i^iU^J^^Uo). 
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Also, using the properties satisfied by the f/^'s and g it is easy to show that if 

' g^UQ^'UlUl'^'W^Ul''' ...U*, ifn is odd, 
g*Uf^PU^U2~''U;Ul-'' . . . f/i-P, if n is even. 



Xr, 



then 



a ^ = \im Ad/jo(x„) G Int(i?o, -R-i)- 



However, a ^ ^ Int(i?o ^p, R-i Xs ^p)- Indeed, 



while g*U_i is left invariant by the inner automorphisms of i?o Xs since it belongs 
to the center of Rq y^s'^p fProposition 16. 1|) . However, multiplying by s we obtain 

that 

sa~^ = lim AdRo>,^z„(a;„) G Int(i?o Xs Zp, Zp). 

n— >oo 

27r'i 

In addition, since a{U^i) = e~U^i and U^i G Z{R^i Zp), it follows that a 
does not belong to Int(i?o x^ Zp, R_i xi^ Zp). □ 

Observe that the map $ : Aut(-Ro x^Zp, R_i y^s'^p) — ^ Aut(i3) defined by $(a) = 
{Id® tt|(ij_ixi3Zp)) *(R_ixisZp) « is continuous and se nds I nt(-Ro x^ Zp,_R_i x^ Zp) into 
Int(i3), and Ct(i?o x, Zp,i?_i x, Zp) into Gt{B) jRil Proposition 3]. Thus, the 
previous decomposition of the dual action on i? x^ Zp yields a decomposition of the 
dual action on the crossed product B = A XAd^{(7!^ ) approximately inner 

automorphism and a centrally trivial automorphism. 

Corollary 6.3. Let -R_i C Rq he the inclusion of type Hi factors of lemma \4 1\ 
Set A = {Q ® R-i) *R_i Rq, with Q a IIi factor. Let B = A XAd^(c/J' j ^p; which 
by Proposition 16'. il is isomorphic to {Q ® {R-i x^ Zp)) *R_-i^xsZp {Ro Xs Zp). Since 
the Zp action realizing the crossed product generates the only subgroup of order p in 
x{A) = Zp2, it is an invariant of the factor A. Denote by S the dual action on the 
crossed product B. 
Then S can be decomposed as 

S = S1S2, 

where Si = S AdeiU^i^Uo)* G Int(-B) and S2 = AdsiU^'^^Uo) G Ct{B). Moreover, if 
we set h = gU^^UQ, then 



S^ = Adts h* 
S^2=AdBh, 



(13) 



and 



Si{h) = e p h, for 2 = 1,2. 

Now consider the crossed product M = (^(^i*iQ) * 2, (f^_i^^ Rq^ x^Zp. Using 

Takesaki duality we can easily get that the dual action on the crossed product JH xi^ 
Zp has a unique decomposition into an approximately inner automorphism and a 
centrally trivial automorphism, similar to the one found for the dual action S on the 
factor B = A XAd^(i/p ) ^p- The uniqueness of the decomposition is a consequence of 
the following remark. 
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Remark 6.4. The IIi factor P = * £ ^F]^_i j j eg) Rq has trivial Cannes 

invariant. 



Indeed, assume a is an automorphism in Ct(P) n Int(P). The assumption a E 
Ct(P) imphes that a = Ad z{i'®Id) for some unitary z G [i*\Q) * -C (^F^_i j j ®Rq 

and an automorphism u of {*\Q) * ii ^F]^_i^ (simply replace ii(F() with {*\Q) * 

2j in I Viol Lemma3.6]). Since a G Int(P), we obtain that v belongs to 

Int [{*IQ) * £ (Fi_i)) = Int ((*?Q) * £ (Fi-i)) • 

Proposition 6.5. Let P = * £ (^i-^)) ^ Ro and M = P Zp. T/ie dual 

action^ on the crossed product Ai xi^l^p can be uniquely decomposed, up to an inner 
automorphism, as^ = Ad W7172, where 71 G Int(A^ x^y Zp), 72 G Ct(7Vl X;:j; Zp), anc? 
w is a unitary in M. X;^ Zp . 

In addition, 71 anc? 72 have outer period p and conjugate obstruction to lifting. 
More precisely, there exist unitaries fi fori = 1,2, satisfying the conditions 



Yi = Ad^>,^Zp(/i)>7i(/i) = e f /i, 
721/2) = e p /2, 

and 

7i(/i) = fj, foriy^j. 
Proof. By Takesaki duality |Ta| Theorem 4.6] 

M x^Zp = P0 B{f{Zp)). 

Moreover, the dual action 7 of 7 corresponds under this identification with the action 
7 ® Ad A(l)*, where A is the usual left representation of Zp on £^(Zp) defined by 

{\{h)ri){k) = r]{k - h), for h,keZp, r/ G ^^(Zp). 

Observe that 

J = AdW {a^ (3) = AdW {1® (3){a® 1), 

and recall that by Remark 15.91 anv central sequence in P has the form (1 ® for 
a central sequence (?/„) in Rq. Therefore, a 1 G Ct(A^). Furthermore, the sequence 
{xn)n>o of unitaries in P given by 

'UoU*U2U* ...U*, if n is odd, 
UoU*U2U^ . . .Un, ii n is even 



has the property P = lim Ad/jp(a;„). Thus 1 ® f3 E Int(P). 

n— »oo 

Setting 7i = 1 ® /5 and 72 = a (8> 1, we can easily check that the following relations 
are satisfied: 

7f = Ad{l(^ g) with 71(1 ® g) = e"^(l O ^f), 

and 

72 = Ac? (m (g) 1) with 72('U 1) = e~{u ® 1). 
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Denote by Id the identity of B{P{Zp)). Let 71 = 7^ (g) Ad(A(l))* and 72 = 72 Id. 
Then, 71 G lnt{M Zp) and 72 G Ct(A^ xi;^ Zp). Set /i = (l g) Id, f2 = 
(m 1) (g) IdB(fi(Zp)) and w = Id. Obviously, 



Using the decompositions of the dual actions S and 7, we can now prove our main 
theorem which implies the non outer-conjugacy of the two Zp2 -act ions defined on 
*iN. Several arguments used in the proof are due to Radulescu. 

Theorem 6.6. Let C Rq be an inclusion of type Hi factors, where Rq is the 

2TTi 

crossed product R^i Zp2 and 6 has outer invariant (p, e p ). Given a IIi factor 

Q, let A= {Q® R-i) Ro and M = * £ (^i-^)) ® ^0) ^p- ^^^^ 

M. is not isomorphic to A. 

Proof. We will prove it by contradiction. Assume that M. and A are isomorphic. 
Recall that 7 and Ad^(f/^]^), respectively, generate the only subgroup of order p 
in — and xi.-^) — ^p^, respectively. Therefore, Aii = M. y^^Zp and 

B = A 

XAd^(c/^i)^P are also isomorphic, and the dual actions defined on these crossed 
products differ only by an inner automorphism. It follows that the decomposition 
of 7 in a centrally trivial automorphism and an approximately inner automorphism 
(Proposition 16. 5p must be outer conjugate to the similar decomposition given for S 
in CoroUarv 16.31 

Denote by F the isomorphism between E = A '>^kaa{v^-x) = M. X;^ Zp, 

and set S'^ = TSiT~^, S2 = rS'2r^^, where Si and 5*2 are the two automorphisms 
appearing in the decomposition of S in Corollary 16.31 Then, for some unitary vq we 
have that 



Set S' = 5(5*2 and T = 7172, so that S' = Ad (f o)T. Observe that S' has period p 
while T has period p^, so that 



7? = Ad/i with 7i(/i) = e p fi, 



and 



7f = Ad/2 with 72 (/2) = e p /2. 
Moreover, 7i(/2) = /2, 72(/i) = /i and 7 = Ad W7172. 



□ 



5(^2 = Ad t;o7i72- 




Since Ai x^ Zp is a factor, this implies that 



for some /i G T. 
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Let /i' be a p^-root of /x. Set = -pjVQ. Then Vq satisfies the relation 

n ^'(^o) = 1- 

j=0 

By part (i) of Corollary 2.6 in |Co3j we obtain that v'q has the form w*T{w) for some 
unitary w in Zp. Set 

Ti= Ad{w*)^iAd{w) and Ts = Ad (w*)72 Ad (w). 

Then Fi and r2 commute, and 

S[S', = T,T2, (14) 

where S[,ri e lnt{M Zp) and 5^,12 G Ct(A^ Zp). Therefore SI^T^^ = 
(^;)-^ri G Ct(A^ Zp) n lnt{M y^^Zp). 
Takesaki duality and Remark 16.41 imply that 

S2 = Adw2T2 and S[ = TiAdw2 = AdwiTi, 

for some unitary W2 G X7 Zp and Wi = Ti{w2)- Moreover, for i,j G {1, 2}, i j 
we have 

Ti{w*fjw) = w*fjW. (15) 
(r,)P = Ad(«;7.^), (16) 

In addition, 

27ri 27ri 

^i{'w*fiw) = e p w*fiw and T2\w* f2w) = e p w*f2W. (17) 
Using (fT^ and fTTj) we also obtain 

{S:y = (Ad w,T,y = Ad |^||nr''(^0j ^V.^j , for z = 1,2 (18) 

^2 (|(^nr^2(«^2)j w*f2W^ = {^T{{W2)^ w*hw. (20) 

Since [5*^, 6*2] = and [Fi, r2] = 0, we have that 

Ad{wiTr{w2))TrT2) = S[S'2 = S'2S[ = Ad {w2T2{wi))TiT2, 
and Fi and F2 commute, we conclude that 

Ad (w;iFi(«;2)) = Ad(^2r2(«;i)), 
which implies that there exists a complex number A of modulus 1 such that 

WiTi{w2) = Xw2T2{wi). (21) 
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Next we use flT3j) . (fTBj) . (PT|) and the fact that Fi and r2 commute to evaluate 



rp-1 



Y\TiTI{w2) I Ti{w*f2w)wl = Xw2T2{wiTi{w2))TiTl{w2) ■ ■ - TiTl ^ {w2)w* f2wwl 
X'^W2T2iw2)Tl{wiTi{w2)) ■ ■ ■TiT^~'^{w2)w*f2Wwl = ^Yl^ii'^^)^ mwi)w*f2wwl = 

X' (lYi{w2?j W*f2W. 

Because of the relations ()13|) . and the fact that A4 X;^ Zp is a factor, we have that 

llTiiw2) w*f2w = 5 mriK) w*hwr, 

\j=0 J \j=0 J 

for some complex 6 of modulus one. Using (6) we conclude that 

XP = e—. (22) 
Lastly, using the relations 5*^' = Ad Wi Fj for i = 1, 2, we obtain the equation 
T,T2 = S[S'^ = (Ad wi T^){Ad W2 T2) = Ad {wiTi{w2))T^T2, 
which implies that 

Ad {wiri{w2)) = Id. 
Hence, there exists a complex number Ai G T such that 

Ti{w2) = Xiwl- 

Analogously, from S'2S[ = T2T1 it follows that there exists A2 G T such that 

These two relations, together with (j2H), imply that X = j^. To get a contradiction 
to the original assumption that = ^ we evaluate TiT 2(101) : 

TiT2iwi) = X2Ti{w2) = = jWi. 

On the other hand, S[S2 = T1T2 has period p, so A must be a p-root of unity, 
contradicting (j221)- D 



Corollary 6.7. Given any prime p and any IIi factor N there exists two Zp2-actions 

27ri 

on *]^N which have the same outer invariant {p,e p ) but are not outer conjugate. 
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Proof. The Zp2-actions 6i and 62 defined in Tlieorem 14. 81 and Corollary 14 . 1 01 Iiave the 
desired outer invariant. If they were outer conjugate, then the actions 61 (Theorem 
4.8|) and 62 (Theorem I4.9|) would also be outer conjugate. Take the IIi factor Q 

so that Qt = N Mi^C), for t = \J~^^- Observe that if 61 and 62 were outer 

conjugate, then M = (^(^{*iQ) * £^ (f^_i^^ (g) i?o) >ij'^p and A= (Q i?o 
would be isomorphic. This is because Ai and A are the enveloping algebras of a 
subfactor construction of the form Ai G Bi = Ai x^. Zp2 for i = 1, 2, as described in 
Proposition 14.71 and Theorem 14.91 But by our previous result such an isomorphism 
cannot exist. □ 
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